Abstract. Using Heegaard Floer homology, we construct a numerical invariant for any smooth, oriented 4-manifold X with the homology of S 1 × S 3 . Specifically, we show that for any smoothly embedded 3-manifold Y representing a generator of H 3 (X), a suitable version of the Heegaard Floer d invariant of Y , defined using twisted coefficients, is a diffeomorphism invariant of X. We show how this invariant can be used to obstruct embeddings of certain types of 3-manifolds, including those obtained as a connected sum of a rational homology 3-sphere and any number of copies of S 1 × S 2 . We also give similar obstructions to embeddings in certain open 4-manifolds, including exotic R 4 s.
Introduction
A powerful way to study a non-simply connected manifold X is to look at invariants of a codimension 1 submanifold Y dual to an element of H 1 (X). This idea goes back to work of Pontrjagin, Rohlin, and Novikov in the 1950s and 1960s exploring "codimension 1 (and higher) signatures" (see [31, 24] ). In dimension 4, if X has the homology of S 1 × S 3 , then the Rohlin invariant of a submanifold Y representing a generator of H 3 (X), with spin structure induced from X, is a diffeomorphism invariant of X [33] . (We call Y a cross-section of X.) This invariant has interpretations in terms of Seiberg-Witten theory [21] and conjecturally in terms of Yang-Mills theory [34, 35, 37, 36] . More recently, Frøyshov [5] observed that if X has a cross-section Y that is a rational homology 3-sphere, the invariant h(Y, s X ) ∈ Q associated to the unique Spin c structure s X on Y induced from X, which is defined using monopole Floer homology, is also a smooth invariant of X. Frøyshov's argument uses only the rational homology cobordism invariance property of h(Y, s X ), so it applies verbatim to the version of h(Y, s X ) defined by Kronheimer and Mrowka [14, §39.1] (presumed, but not known, to be equal to Frøyshov's) and the similarly defined Heegaard Floer correction term d(Y, s X ) [25] . In this paper, we extend the range of the Heegaard Floer invariant to an arbitrary smooth 4-manifold X with the homology of S 1 × S 3 , without the requirement that X admit a rational homology sphere cross-section. Note that this is a non-trivial restriction; for instance, the Alexander polynomial obstructs the existence of such cross-sections.
The definition of the correction term d(Y, s) for a rational homology sphere Y relies on the fact that HF ∞ (Y, s) is isomorphic to F[U, U −1 ]. (Here F denotes the field of two elements.) In our earlier work [17, 16] , we showed how to extend the definition of the correction terms for manifolds with b 1 (Y ) > 0 for which HF ∞ (Y, s) is "standard." (Here, s is assumed to be a torsion spin c structure.) Work of Lidman [18] shows that this condition holds whenever the triple cup product on H 1 (Y ; Z) vanishes identically. However, an arbitrary 4-manifold X with the homology of S 1 × S 3 need not have any cross-section with standard HF ∞ . In the present paper, we use a further generalization of the correction terms. For any subspace A of H 1 (Y ) on which the triple cup product vanishes, we show in Theorem 3.1 that the twisted Heegaard Floer homology group HF ∞ (Y, s; M A ) with coefficients in M A = F[H 1 (Y )/A] is standard in a suitable sense, allowing us to define a twisted correction term d(Y, s; M A ). (The case where A = 0 has been studied by Behrens and Golla [1] .) When Y is a cross-section of X, we identify a particular such subspace by studying the cohomology of the infinite cyclic coverX. Our main result, which is stated more precisely below as Theorem 4.10, is as follows: Theorem 1.1. Let X be a homology S 1 × S 3 , and let Y be any cross-section of X representing a fixed generator y of H 3 (X). Then the correction term of (Y, s X ), suitably normalized, is independent of the choice of Y . Thus, we obtain an invariantd(X, y), which depends only on the diffeomorphism type of X and the choice of generator y ∈ H 3 (X).
In principle, the invariantd(X, y) could be used to detect exotic smooth structures on S 1 × S 3 , but we do not know of any candidates. A more tractable application comes from the behavior ofd(X, y) under reversing either the orientation of X or the choice of generator of H 3 (X). In general, the four numbersd(±X, ±y) are a priori unrelated to each other, so they can obstruct the existence of symmetries that reverse the orientations of X or Y . Moreover, in Section 3.3 we describe a class of 3-manifolds which are called d-symmetric; this includes any manifold of the form Q # n(S 1 × S 2 ), where Q is a rational homology sphere and n ≥ 0. The following proposition describes some further symmetries of the invariants d(±X, ±y): Proposition 1.2. Let X be a homology S 1 × S 3 .
• If X has a cross-section that is a rational homology sphere, then • If X has a cross-section that is d-symmetric, then • If X is the mapping torus of a diffeomorphism φ : Y → Y , then In particular, the failure of (1.1) or (1.2) for a given 4-manifold X enables us to obstruct the existence of particular types of cross-sections in X. In Section 5, we apply this obstruction to the study of 3-dimensional Seifert surfaces for knotted 2-spheres in S 4 . The proof of Theorem 1.1 relies on examining the lift of a cross-section of X to the infinite cyclic coverX. In fact, our techniques are more general; we consider a d invariant associated to any open 4-manifoldX satisfying certain homological properties similar to those of an infinite cyclic cover and any embedded 3-manifold Y representing a generator of H 3 (X), which we also call a cross-section. While this quantity depends on the choice of Y and not just its homology class, we prove an inequality relating the invariants of disjoint cross-sections, which implies Theorem 1.1 in the case whereX is actually the Z cover of a homology S 1 × S 3 . In the general case, the inequality still gives interesting restrictions on the types of cross-sections that can occur. As one application (Example 4.12), we construct an exotic R 4 that has no d-symmetric 3-manifold sufficiently far out in its end.
The surgery formula
In this section, we state a twisted version of the mapping cone formula for the Heegaard Floer homology of surgeries on knots. This formula is known to experts but does not appear in the literature; the proof is a straightforward generalization of Ozsváth and Szabó's original integer surgery formula [29] . We will use this formula in Section 3 in order to prove that HF ∞ with appropriately twisted coefficients has a standard form.
2.1. Heegaard Floer preliminaries. Throughout the paper, all Heegaard Floer homology groups are taken over the ground field F = Z/2Z. Singular and simplicial homology and cohomology groups are taken with coefficients in Z unless otherwise specified.
We first provide a brief overview of Heegaard Floer homology with twisted coefficients. See Ozsváth-Szabó [27] for the original definition, and Jabuka-Mark [12] for an excellent exposition. Here we emphasize two aspects of the theory that will be needed later: passing from HF + to HF ∞ via the U-completed version HF ∞ , and the behavior of the coefficient modules under cobordism maps.
Let Y be a closed, connected, oriented 3-manifold, and let s be a spin c structure on , well-defined up to chain homotopy equivalence, which fit into a short exact sequence
We use CF • (Y, s; H Y ) to refer to any of the three complexes (or, by abuse of notation, the exact sequence relating them). Note that CF
• (Y, s; H Y ) always has a relative Zgrading, which multiplication by U drops by 2. If s is torsion, multiplication by any element of H Y preserves this grading, and the grading lifts to an absolute Q-grading. (When s is non-torsion, one must put a nontrivial grading on H Y to define the relative Z-grading, but we shall focus on torsion spin c structures throughout the paper.) If
these groups fit into a short exact sequence just like (2.1).
2 The homology groups are denoted by HF
• (Y, s; M) and fit into a long exact sequence
(We will frequently omit the subscripts from ι M and π M unless they are needed for clarity.)
which is well-defined up to chain homotopy. 
ζ is chain-homotopic to 0. Thus, the H 1 action descends to an action of Λ
as an H Y -module via the quotient map. Concretely, if α 1 , . . . , α n are a basis for H 1 (Y ) such that A = Span(α 1 , . . . , α k ), and t i ∈ H Y corresponds to α i , then
Ignoring the H Y -module structure and the H 1 action, we note the following basic fact:
Lemma 2.1. Let Y be a closed, oriented 3-manifold, s a torsion spin c structure on Y , and
Proof. Ozsváth and Szabó [27, Theorem 10.12] proved the k = 0 case: 
For each s ∈ Z, by summing over all p, q with p + q = s, we thus deduce that
Choose bases (over F) for the summands in grading 0 and 1; since HF ∞ (Y, s; M A ) is relatively Z-graded, these combine to give a basis for
In the proof of the surgery formula (Theorem 2.3) below, we will need to pass from a result about HF + to a result about HF ∞ . This is best done by first considering the U-completed version, introduced in [19] . Define
Denote the homology of this complex by
Because multiplication by U drops grading by 2, it can also be understood as a grading-preserving map CF
. 3 It is easy to see that CF ∞ (Y, s; M) is isomorphic to the inverse limit of the directed system . . .
For conciseness, we write
There is therefore a short exact sequence
(where the * denotes the homological grading). The system (HF + (Y, s; M), U) satisfies the Mittag-Leffler condition, since for all n sufficiently large, the image of U n is equal to the image of π : 
and let 
which is an invariant of (W, 
where the handle is attached along a (k − 1)-sphere in Y × {1} and k ∈ {1, 2, 3}. (Note that any connected cobordism between connected 3-manifolds has a handle decomposition with only 1-, 2-, and 3-handles.) In each of these cases, it is easy to describe K(W ) as an H Y -module. It is easier to work in terms of homology, identifying the sequence (2.7) with
via Poincaré duality.
•
Similarly, when k = 3, if we let t ∈ H Y 1 denote the Poincaré dual of the attaching sphere (which is assumed to be nonseparating and therefore a primitive class), we see that
• When k = 2, let K ⊂ Y denote the attaching circle for the 2-handle. The exact sequence on homology for the pair (W, Y ) gives
summand is canonical, while the Z is generated by [Ŝ] . If the 2-handle is attached along a multiple of the rational longitude for K (meaning that the 
On the other hand, when m = 0, we have
Hence, for each k, we have a map
which can then be extended to a map
by the formula F
A key property is that for m sufficiently large and |k| ≤ m 2
, the only nonzero summand in this decomposition of HF 
Moreover, up to an overall power of t, the map F appearing in (2.11) is given by
2.3.
The mapping cone. Let CFK ∞ (Y, K; H Y ) denote the totally twisted knot Floer complex of (Y, K) with coefficients, coming from a doubly-pointed Heegaard diagram (Σ, α, β, w, z). This is generated by tuples [x, i, j] with j − i = A(x), where A(x) is the Alexander grading of x, with differential given by
where A is the additive assignment used for defining twisted coefficients. Define an action of F[U,
, by ignoring either j or i respectively. There is a thus a chain homotopy equivalence Φ : C → C which takes C{j < s} into C{i < s} for any s, and therefore descends to a homotopy equivalence C{j ≥ s} → C{i ≥ s}. (Note that there is no control on how Φ interacts with the second filtration on each complex.) The map Φ also extends naturally to C.
For each s ∈ Z, let A + s = C{max(i, j − s) ≥ 0}, and let
s is the identity, and h ∞ s is multiplication by U s followed by Φ. It is easy to verify that these maps descend to
defined just as in [29] . (That is, v + s is the projection onto C{i ≥ 0}, and h + s is the projection onto C{j ≥ s}, followed by multiplication by U s to identify this with C{j ≥ 0}, followed by Φ.)
Let 
, and s = 0, we also have
Moreover, under each isomorphism, the map
is given (up to a power of t) by the inclusion of the subcomplex
We begin with (2.13). Just as in the untwisted case, the large surgery formula, which states that for m sufficiently large and |s| ≤ m/2, there is an identification of A [29] , we use the procedure of "truncation" applied to the surgery exact sequence of Theorem 2.2 to obtain (2.13). Taking inverse limits and using (2.6) yields (2.14).
The proof of (2.15) follows just like in [18, Lemma 4.10], using Lemma 2.1 to observe that HF ∞ is finitely generated and free over F[U,
We also describe the H 1 action. For any ζ ∈ H 1 (Y ), the induced chain map A ζ : C → C commutes with the differential on C and commutes up to homotopy with Φ: say
which descends to X + 0,s . These maps give an action of
Moreover, there is an easy identification
Following through the proof of Theorem 2.3, it is not hard to see that these chain mapsÃ ζ agree with the H 1 action on HF
.) We do not need to worry about defining a chain map associated to the homology class of the meridian of K in H 1 (Y 0 ), since its action on HF
For the purposes of this paper, the most important consequence of the preceding discussion is the following: Proposition 2.4. Let Y be a closed, oriented 3-manifold, let s be a torsion spin c structure on Y , and let M be a finitely generated H Y -module. Let K be a nulhomologous knot in Y , let W be the 2-handle cobordism from Y to Y 0 (K), let t 0 be the torsion extension of s to W , and let
is an isomorphism.
Proof. We apply Theorem 2.3. Let C = CFK ∞ (Y, K; M) denote the doubly-filtered knot Floer complex of (Y, K) with coefficients in M, and Φ : C → C the homotopy equivalence discussed above. The surgery formula then says that HF
]) can be computed as the mapping cone of
and the map F ∞ W,t is given (up to a power of t) by the inclusion of C into the second copy of C[t ±1 ]. From this description, it is easy to see that HF
, where the action of t is given by Φ −1 * , and that F ∞ W,t is an isomorphism.
Remark 2.5. Following [30] , we may adapt the results of this section (specifically Proposition 2.4) to the case where K is merely a rationally nulhomologous knot, representing a class of order d > 1 in H 1 (Y ). Assume that K has trivial self-linking, so that it has a well-defined 0-framing. We briefly sketch the necessary modifications to the surgery formula, leaving details to the reader. The set of relative spin c structures for K, Spin c (Y, K), forms an affine set for H 2 (Y, K). Spin c structures on Y 0 (K) then correspond to the orbits of the action of PD[K λ ], the Poincaré dual of the 0-framed pushoff of K, each of which has d elements. The relative spin c structures also correspond naturally with spin c structures on the 2-handle cobordism
, and quotients A + ξ and B + ξ (see [30] for all definitions). We also have maps
, defined similar to the above. Specifically, v ∞ ξ is the identity, and h ∞ ξ is a homotopy equivalence induced by Heegaard moves.
Suppose {ξ 1 , . . . , ξ d } is the orbit corresponding to a torsion spin c structure s 0 on Y 0 , where
Let s i be the (absolute) spin c structure on Y extending ξ i , and t i the spin c structure on W 0 corresponding to ξ i . Write C i for C ξ i and Φ i for h
. The twisted mapping cone that computes HF
has the form
. . .
Up to isomorphism, it doesn't matter which of the Φ i arrows comes with a power of t; the important point is that exactly one of them does. The map
is given (up to a power of t) by the inclusion of C i in the bottom row. Just as in the proof of Proposition 2.4, we deduce that this map is an isomorphism. We will make use of this generalization in Section 4.
Twisted correction terms
In this section, we define the twisted correction terms. Throughout, let Y be a closed, oriented 3-manifold, and let A ⊂ H 1 (Y ) be a direct summand on which the triple cup product vanishes. As above, let 
Proof. We induct on the rank of H 1 (Y )/A, starting with the extremal case when A = H 1 (Y ) and the triple cup product on H 1 (Y ) vanishes identically. The statement in this case follows from [18] , as explained in [16, Theorem 3.2] .
For the induction, assume that
Let Z be obtained by surgery on J with some arbitrary framing, and let K ⊂ Z denote the core of the surgery solid torus, so that Y = Z 0 (K). Let W be the 2-handle cobordism from Z to Y , and ι Y : Y → W and ι Z : Z → W the inclusions.
The map ι *
be the image of this restriction, and let
]. Also, let s ′ be the restriction to Z of the unique spin c structure on W that extends s. By the induction hypothesis, 
, but in principle this map need not be the identity.
We may now define the d invariant that we use below, which is analogous to the d top invariant defined in [17, Definition 3.3] . We make use of notation from [16] . First, given any finitely generated, free abelian group V and any Λ
, the quotient and kernel of the action of V , respectively). We sometimes omit the superscripts if they are understood from context. 
denote the canonical map. Then there are isomorphisms
such that the induced map
is the natural projection. The correction term d(Y, s; M A ) ∈ Q is defined as minimal grading in whichπ is nontrivial, or equivalently as the grading of 1 ∈ F[U,
If H 2 (Y ) is torsion-free, so that Y has a unique torsion spin c structure, we sometimes omit s from the notation.
is precisely the invariant d defined by Behrens and Golla [1] . 
(The results for 0-surgery on the trefoil were also proven earlier by Ozsváth and Szabó [25] .)
Example 3.7. Let T 3 denote the 3-torus. Because the triple cup product on H 1 (T 3 ) is nonvanishing, the invariant d(T 3 ; M A ) is only defined when rank A = 0, 1, or 2. When A = 0, [25, Proposition 8.5] shows that
On the other hand, we will see below in Example 4.14 that when rank A = 1 or 2,d(T 3 ; M A ) = 0. Since any automorphism of H 1 (T 3 ) can be realized by a selfdiffeomorphism of T 3 , it suffices to compute these invariants for a single subspace A of either rank. Note also that T 3 admits orientation-reversing diffeomorphisms, so the the same statements hold with either orientation on T 3 .
3.2.
Relation with untwisted invariants. We now describe the relationship between Definition 3.4 and the invariants defined in [16] . Suppose the triple cup product on H 1 (Y ) vanishes identically, so that the untwisted homology group HF ∞ (Y, s; F) is standard:
and therefore , let a 1 , . . . , a n be a basis for H 1 (Y ) such that a 1 , . . . , a k are a basis for A. Let ζ 1 , . . . , ζ n be the dual basis for H 1 (Y )/ Tors, so that A ⊥ = Span(ζ k+1 , . . . , ζ n ). Let C * = CF ∞ (Y, s; M A ), with differential denoted by ∂. As a simplification, let us shift the homological grading on C * so that it lies in Z (rather than Z + q for some rational number q). Furthermore, if A = 0, so that HF
, we assume that the nonzero groups are in even grading. If we consider F as an M A -module, where each element of H 1 (Y )/A acts as the identity, then by definition,
Since the untwisted HF ∞ (Y, s) is standard, we have
By Theorem 3.1, if k = 0, we have
for all q. As in Remark 3.3, right now we only know that the isomorphisms (3.9) and (3.10) hold on the level of groups; we shall see shortly that they hold on the level of M A -modules as well.
Consider the following commutative diagram:
Here π M A and π F are the usual maps HF ∞ → HF + , and g ∞ and g + are the natural change-of-coefficient maps. As above, let
is defined to be the minimal grading in which the induced map
is nontrivial. 
which then descends to
By comparing the definitions of the two d invariants, it is then easy to see that (3.6) holds. (3.7) and (3.8) then follow from [16, Proposition 3.4] . To prove Claims 1 and 2, we use the universal coefficients spectral sequence, which we explain in some detail because morphisms of spectral sequences can be confusing. To begin, take a free resolution of F as an M A -module:
where
Consider the complex s; F) . The spectral sequence comes from considering the p filtration on C * , so that the differential on the E r has (p, q)-bigrading (−r, r − 1). The E 1 page is given by
and the E 2 page is given by
. In particular, in the p = 0 column, we have (3.14)
and the upper-left vertical map in (3.11) is the natural quotient map. Furthermore, there is a filtration
p+q ; in particular, the p = 0 column E ∞ 0, * is identified with the subspace G 0 * . The map g ∞ from (3.11) is given by the identification (3.14), followed by the successive quotients taking E 2 0, * → E ∞ 0, * , followed by the inclusion of G 0 * into H * (C * ) ∼ = HF ∞ (Y, s; F). By (3.12), we have
Summing over p + q = s, we see that
which implies that the spectral sequence collapses at the E 1 page. Looking in the p = 0 column, we see that the successive quotient maps
are all isomorphisms, which proves Claim 1 and the injectivity statement of Claim 2.
It remains to identify G 0 * with K A ⊥ HF ∞ (Y, s; M). For each i = 1, . . . , n, there is a chain map A ζ i : C * → C * −1 ; these give rise to the action of H 1 . As noted above, the maps A ζ k+1 , . . . , A ζn are null-homotopic (see [12, Remark 5.2] ), but they are still defined on the chain level. Indeed, we extend each A ζ i to a map on C * by tensoring with the identity map on F * . The maps A ζ i * induced on the homology of C * (which, as noted above, is isomorphic to HF ∞ (Y, s; F)) then generate the action of Moreover, the restriction of A ζ i * to G 0 * agrees with the action of ζ i on HF ∞ (Y, s; M A ). For i = k + 1, . . . , n, this action vanishes, so
for each grading q. Because HF ∞ (Y, s; F) is standard, we can see that
(Taking the kernel of each ζ i , for i = k + 1, . . . , n cuts down the rank by a factor of 2.) If 
Example 3.9. Although we do not know of an actual manifold Y for which equality fails to hold in (3.6), this seems unlikely to be true in general. Figure 1 As noted above in Example 3.6, Behrens and Golla [1, Example 3.9] proved that for any knot
. Thus, a manifold for which (3.6) is a strict inequality, as in the putative example just discussed, would not be homology cobordant to 0-surgery on any knot in S 3 .
Remark 3.10. Proposition 3.8 implies that the twisted d invariants can in principle give stronger constraints on intersection forms of 4-manifolds bounded by Y than the untwisted d invariants from [16] . For instance, if Z is a negative semi-definite 4-manifold bounded by Y such that the restriction map H 1 (Z) → H 1 (Y ) is trivial, and t is a spin c structure on Z whose restriction to Y is torsion, Ozsváth and Szabó [25, Theorem 9.15] showed that 
In other words, the untwisted d invariants of (Y, s) are simple in the sense of [16, Corollary 3.5] . In particular, we have
and hence 
Proving the reverse inequality requires orientation reversal, which is not available. However, if Y 1 and Y 2 are d-simple, then we have:
so equality holds. Proposition 3.14. If Y is of the form Q#n(S 1 ×S 2 ), where Q is a rational homology sphere and n ≥ 0, then Y is d-simple and therefore d-symmetric. Indeed, if s = t # t 0 # · · · # t 0 , where t is a spin c structure on Q and t 0 is the unique torsion spin c structure on
Proof. Clearly, any rational homology sphere is d-simple, as is
, there is a self-diffeomorphism of #n(S 1 × S 2 ) such that the pullback of A can be viewed as Proof. Suppose b 1 (Y ) = n and rank(A) = k. In the proof of Theorem 3.1, we inductively produced a spin c cobordism (
by successively attaching n − k 2-handles along 0-framed knots. The untwisted homology HF ∞ (Y 1 , s 1 ; F) is standard, and the cobordism induces an isomorphism
Since c 1 (t 1 ) is torsion by construction, the grading shift of F
By [17, Lemma 3.5] ,
Next, we find a cobordism (
, where Y 2 is a rational homology sphere, again obtained by successively attaching k 2-handles along 0-framed knots. By [25, Proposition 9.3] , the map
is injective and takes HF
Combining these congruences, we see that
Finally, the spin c cobordisms (W 1 , t 1 ) and (W 2 , t 2 ), each of which has signature 0, s 2 ) , which concludes the proof. (The terminology is motivated by Hughes and Ranicki [10] , who have a stronger, homotopy-theoretic notion that they call a ribbon.) Definition 4.1. A homology ribbon is a smooth, connected, orientable, open 4-manifoldX with two ends that satisfies the following properties:
For each end ǫ ofX and any field k, we have
We callX a homology S 3 × R if (in addition to the above properties) H 1 (X) = H 2 (X) = 0, and a rational homology S 3 × R if H 1 (X; Q) = H 2 (X; Q) = 0.
Proposition 4.2. Let X be a smooth, closed, oriented 4-manifold such that H * (X) ∼ = H * (S 1 × S 3 ), and let p :X → X denote the universal abelian cover of X, with deck transformation group Z. ThenX is a homology ribbon, and p * :
Proof. For property 1, Milnor [20, Remark 1] shows that H 3 (X) ∼ = H 0 (X) ∼ = Z. Let τ :X →X denote a generator of the deck transformation group. Note that H * (X) is a Z[t, t −1 ]-module, where t acts by τ * . The Milnor exact sequence
implies that 1 − t is an isomorphism on H 1 (X) and H 2 (X) and zero on H 3 (X). It follows that p * :
−→ X denote the intermediate m-fold cover of X with deck group Z/m. A standard argument shows that when m is a prime power
, and therefore H 2 (X m ; Q) = 0 since H * (X m ; Z) is finitely generated. In particular, the intersection form on H 2 (X m ; Z) is trivial. Now, given any classes a, b ∈ H 2 (X), let Σ a , Σ b be closed, oriented, embedded surface representatives that intersect transversally. For m sufficiently large, the restriction of q m to Σ a ∪ Σ b is a diffeomorphism onto its image, so a · b = q m * (a) · q m * (b) = 0. This proves property 2.
For property 3, it is easiest to work with simplicial homology. Choose a finite triangulation of X, and lift it to a locally finite triangulation ofX. After possibly replacing τ by τ −1 , we may assume that τ shifts in the direction of the end ǫ. Then
Note that H * (X; k) is finitely generated as a k[t, t −1 ]-module. Since 1 − t acts as an isomorphism on H j (X; k) for j = 1, 2, we have
where each p l is a nonzero, monic polynomial. Since
as required.
For the rest of this section, unless otherwise specified,X will denote an arbitrary homology ribbon, without the requirement that it is the cover of a homology S 1 × S 3 . A cross-section ofX is a connected, smoothly embedded, oriented 3-manifold Y representing a generator of H 3 (X). To find such a cross-section, one can proceed as in Example 3 of the introduction to [10] , which treats the case of a manifold with a single end. Using a proper exhaustion ofX, one finds a smooth proper map f :X → R with the ends going to ±∞. If disjoint cross-sections Y 1 and Y 2 represent the same homology class, we say that
Fix a torsion spin c structure s onX. By abuse of notation, the restriction of s to any cross-section Y or any cobordism W (Y 1 , Y 2 ) will also be denoted by s. IfX is in fact the Z-cover of a homology S 1 × S 3 X, then let s X denote the pullback of the unique spin c structure on X. We begin with a few basic facts concerning the algebraic topology of cross-sections. First, note that the Mayer-Vietoris sequence forX
Next, consider the long exact sequence on cohomology (both ordinary and compactly supported) for the pair (L Y , Y ):
By looking at the same diagram with coefficients in Z/p for each prime p, we deduce that the coboundary
is an isomorphism, the map j c Y is injective, and the quotient 
(The construction of the upper sequence is most readily carried out if one uses the simplicial version of cohomology with compact supports, as described in [7, §3.3] ; we remark that exactness uses the fact that Y is compact.) Just as before, we deduce that the map 
In the case whereX is a rational homology S 3 × R, the situation simplifies considerably, so that we can use ordinary rather than compactly supported cohomology throughout.
Lemma 4.4. IfX is a homology
is short exact and splits, and
Proof. IfX is a rational homology S 3 × R, then H 1 (X) = 0, and H 2 (X) and H 2 c (X) are both torsion groups. It follows that the maps
3) are both isomorphisms, so κ L ⊕ κ R is as well. Moreover, by the exact sequence for (X, R Y ) and excision,
provides a splitting for the short exact sequence.
Returning to the general case, it is useful to consider one more version of the MayerVietoris sequence, which again is most easily proved using simplicial cohomology as in [22, §25] . If ǫ denotes the left end of X corresponding to L Y , we have an exact sequence (4.4)
In particular, if we take coefficients in Q and apply property 3 from Definition 4.1 together with universal coefficients, we see that
Finally, we recall the locally finite homology groups of a (non-compact) polyhedral space Z, H lf * (Z). These can be defined in greatest generality using an inverse limit; see Laitinen [15, Section 2] . When Z is has a locally finite triangulation, it is easiest to use the simplicial version: the chain group C lf i (Z) consists of possibly infinite sums of i-simplices, and the differential is defined in the usual way. The universal coefficient theorem [15, Proposition 2.8] relating locally finite homology and compactly supported cohomology takes a slightly unusual form: for any principal ideal domain R, there is an exact sequence
4.2. Correction terms. We will be considering Heegaard Floer homology with coefficients in the module
. The key observation is the following: Proposition 4.5. LetX be a homology ribbon and let s be a torsion spin c structure onX. For any cross-section Y , the restriction of the triple cup product form on
Moreover, we may naturally identify 
The second and third lines make use of the pairing between H 
Finally, the statement about HF
∞ follows directly from Theorem 3.1.
Handle type Table 1 . Summary of handle additions in the proof of Proposition 4.7. The convention is that ∆b 1 
Proposition 4.7. LetX be a homology ribbon and let s be a torsion spin c structure on X. Suppose Y 1 , Y 2 are disjoint, homologous cross-sections ofX with 
where k ∈ {1, 2, 3}. When k = 2, because the intersection form onX vanishes, L Y 2 cannot be obtained by attaching a 2-handle to a rationally null-homologous curve with nonzero framing.
The proof proceeds as follows. By Lemma 4.6, the cobordism W induces maps
Since c 1 (s) is torsion, the grading shift of
. Note that χ(W ) = 1 when k = 2 and −1 otherwise.
We will show in each case that
Thus, by the usual argument,
At the same time, we will see in each case that
, from which (4.10) follows.
We now consider the different values for k. A summary can be found in Table 1 . 
where the action of the generator of H 1 (S 1 × S 2 ) takes the first summand to the second, and the map F If K represents a torsion class in H 1 (Y ), then the 2-handle must be attached along the rational longitude of K; otherwise, there would be a closed surface iñ X with nontrivial self-intersection, which violates our assumptions. Thus, Y 2 is obtained by 0-surgery on K, and
. By Proposition 2.4 (and its extension to the rationally nulhomologous case in Remark 2.5), Figure 2 , and the connected sum is taken in the regions containing the basepoints. The curves α 0 , β 0 meet in two points a, b. For any x ∈ T α ∩ T β , there are a pair of holomorphic bigons φ ± x ∈ π 2 (x × {a}, x × {b}). We may choose the additive assignment such that for each x, the disks φ + x and φ − x contribute 1 and t, respectively, in the differential. Just as in Ozsváth and Szabó's proof of the Künneth formula for connected sums [27, Theorem 6.2] , with respect to a sufficiently stretched complex structure,
is then isomorphic to the mapping cone
where the two copies correspond to a and b respectively. The map F ∞ W,s is given on the chain level by setting t = 1 and projecting onto the second factor. It follows that
In each of the three cases, it is easy to see that the induced maps on Q HF ∞ are isomorphisms and that (4.12) holds, as required.
Proof. By Proposition 3.15, we know thatd(Y, s; L Y ) ≡ ρ(Y, s) (mod 2Z), where ρ(Y, s) is defined by Equation (3.24) . Since the spin c structure s is a spin structure, we may take the manifold W in (3.24) to be a spin manifold, and so the term c 1 (t) 2 = 0. As in the proof of [37, Theorem 3.4] , the signature of W is the same as the signature of the open manifold
The vanishing of the homology ofX together with property 3 from Definition 4.1 implies that the intersection form on the spin manifold W ∞ is unimodular, and hence van der Blij's theorem [11, §5] says that its signature is divisible by 8. 
equals 0 in the case of a 1-handle addition or a 2-handle addition along a non-torsion curve, 1 in the case of a 2-handle addition along a torsion curve, and −1 in the case of a 3-handle addition. In particular, we see from Table 1 that the quantity
is independent of the choice of cross-section Y . The Mayer-Vietoris sequence (top row of (4.3)) shows that this quantity equals the rank of the coboundary map H 1 (Y ) → H 2 c (X). 4.3. Invariants for homology S 1 × S 3 s. We are now finally able to prove the main theorem from the introduction, which we restate as follows: Theorem 4.10. Let X be an oriented homology S 1 × S 3 , letX be its infinite cyclic cover, and let s X be the spin c structure onX pulled back from X. Then for any crosssection Y ofX, the shifted correction termd(Y, s X ; L Y ) depends only on the homology class of Y in H 3 (X) or equivalently on its image y ∈ H 3 (X). We denote this number byd(X, y); it is an invariant of X under orientation-preserving diffeomorphisms that preserve the choice of homology class.
Proof. Fix a generator for H 3 (X). Let τ be a generator of the deck transformation group such that for any two cross-sections Y, Y ′ representing the fixed generator, τ −n (Y ) ≺ Y ′ ≺ τ n (Y ) for all n sufficiently large. For any n ∈ Z, note that
since the spin c structure s X onX is τ -invariant and the deck transformation τ n takes L Y to L τ n (Y ) . Thus, by Proposition 4.7, we havẽ
and hence equality holds.
Next, we prove the symmetries stated in Proposition 1.2. It is more convenient to work in the more general setting of open manifolds. Given a homology ribbonX equipped with a spin c structure s, and any cross section Y ofX, define (For convenience, we suppress the spin c structure s from the notation.) WhenX is the Z cover of a homology S 1 × S 3 X and s = s X , then by definitiond(X, Y ) =d(X, y). There are two possible orientation changes to consider.
• Combining this argument with the previous one, we deduce that This result is useful for obstructing the presence of d-symmetric cross-sections (e.g. rational homology spheres) in the ends of exotic R 4 s, as in the following example. Remark 4.13. The existence of an exotic R 4 not containing a homology sphere arbitrarily far out in its end seems to be 4-manifold folklore; compare [13, Page 96, Remark 1] . The proof depends on Donaldson's diagonalization theorem. Bob Gompf pointed out to us that the extension of Donaldson's theorem to non-simply connected manifolds [4] can be used to show that there is no rational homology sphere arbitrarily far out in the end.
Example 4.14. The three-torus T 3 embeds in R 4 , so it occurs as a cross-section of S 3 ×R. By Lemma 4.4, we have
. Because the triple cup product vanishes on each summand, one summand must have rank 1 and the other rank 2; by varying the orientations, we may interchange them. Because S 3 ≺ T 3 ≺ S 3 , we deduce in either case thatd(T 3 , s; L T 3 ) = 0. As we saw in Example 3.7, this means that for any subspace A ⊂ H 1 (T 3 ) of rank 1 or 2, we havẽ d(T 3 , s; M A ) = 0. On the other hand, let X be a homology S 1 × S 3 obtained as the mapping torus of a self-diffeomorphism of Y = T 3 . (Such manifolds play a key role in the construction of the Cappell-Shaneson homotopy spheres [2, 3] .) Then H 
